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GENERALIZED HYPERCOMPLEX FUNCTION THEORY())
BY
ROBERT P. GILBERT AND GERALD HILE

ABSTRACT. Lipman Bers and Ilya Vekua extended the concept of an ana-
lytic function by considering the distributional solutions of elliptic systems of
two equations with two unknowns and two independent variables. These solu-
tions have come to be known as generalized (or pseudo) analytic functions. Sub-
sequently, Avron Douglis introduced an algebra and a class of functions which
satisfy (classically) the principal part of an elliptic system of 2r equations with
2r unknowns and two independent variables. In Douglis’ algebra these systems
of equations can be represented by a single ‘‘hypercomplex’’ equation. Solutions
of such equations are termed hyperanalytic functions. In this work, the class of
functions studied by Douglis is extended in a distributional sense much in the
same way as Bers and Vekua extended the analytic functions. We refer to this
extended class of functions as the class of generalized hyperanalytic functions.

1. The equation and the algebra. A. Douglis [1] showed that an elliptic sys-
tem of the first order in two independent variables, with sufficient smoothness re-
quirements on the coefficients of the first order terms, can be decomposed into
the canonical subsystems

o, x “Vo,yt =8p

uO,y+v0,x+'“ =b0,
(1.1)

Upyx ~Vhyy VW T OU = B
Uyt Vh Ty b”k.—l.y +oee= hk’
k=1,2,e00,r-1,

where the dots represent zero order terms. He called the system a generalized

Beltrami system if it is homogeneous and contains no terms of zero order. He
showed that with a certain commutative algebra such a system can be written in a
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brief form. This algebra is generated by the two elements i and e , subject to
the multiplication rules

i‘=-1, ie=ei, e =0.

The elements of this algebra are linear combinations with real coefficients of the

2r independent elements

ek, ie®, k=0,1,000,r-1,

where %= 1. A particular element c of the algebra can be written
r=1
1.2) c=3 c,ek,
k=0
where each ¢, is a complex number. The conjugate of ¢, ¢, is given by

r-1
=2 Tk
k=0

If c,=0, then c does-not have a multiplicative inverse and is called nilpotent.
A bypercomplex function is a map from the plane into this algebra and has the form

r=1
(1.3) wix, y) = 3 w,lx, yek,
k=0

where each w, is complex valued. Then with the identification
(1.4) Wy =ty +ivy

the generalized Beltrami system can be written

(1.5) D=0

where D is the differential operator

DD +iD +ead +ebd .
x y x y

We will treat somewhat more general systems in this paper. One such system
is represented by
(1.6) Dw +Aw + B = 0,

where A and B are hypercomplex functions. With

-1 r=1
A=2Ake’°, B=ZBke",
(1.7) k=0 k=0

Ay =Yp, +5,)+ %ilr, - q,), B, =%, —s,)+%ilr, + 4,),
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(1.6) becomes the system
“ox ~Vo,y tlo%0  +t90% =0
ug Vo, *To%o + 53V, =0,

k

(1.8) Up = Vpy t Wy o *bUy g+ IZ Gpu,_, + a,_)=0,

=0

k
Uy ¥ Vp e v AV o+ b”k-l,y + ) ('l"k-l + sl”k-l) =0,
1=0

k=1,0e0,r~1.

A more general system, of which (1.6) is a special case, is represented by

-1 k
(1.9) Tw+y b T (A, w,+B @)=0
k=0 1=0

where here each A, B, is complex valued. The distinguishing feature of this
system is that the zero order terms in the kth equation involve only the unknown
functions uyse e s upsvgsee s vy,

We discuss briefly norms of hypercomplex numbers in our algebra. For ¢
given by (1.2), Douglis defined the norm )

r-1
(1.10) lel = 3 e, -
k=0

Then the following hold for any hypercomplex numbers ¢ and 4:

(1.11) led| < lelldl,
(1.12) le +4d| < le| + 4.

Furthermore, writing ¢ as ¢ = ¢, + E, where E is the nilpotent part of ¢, we have
the formula for the inverse

2 Er—]

(1.13) 1_1 I. _E B .-t ]
c 2 =1

c7c, 0 2 _—"6

provided ¢ # 0. Thus we also have the inequality

ool £

k=0

(1.14)

Moreover, we have 1= |c - 1/c| < |c| |1/¢| and thus
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(L.15) lel < 11/e| -

Finally, we define certain spaces of hypercomplex functions. In general, a
function w, given by (1.3), will be said to lie in a given function space if each of
the complex functions w, is in that space. For example, we say w € L?(8),
where @ is some domain in the plane, if w is defined in @ and each w, is in
L?(@). This criterion is obviously equivalent to the statement |w| € L?(8). The
L? norm of a hypercomplex function w thus will be defined by

(1.16) o, 8, =< {f 1wl? dxdy>1/p.
s

If w is bounded in @ we have the norm |w, 8|, = sup, ¢ ylw(z)|.

The spaces C™(8) and C™(8) consist of those functions whose derivatives
up to the mth order are continuous in @ and the closure of @, respectively. We
write C°(@)=c(8), c°@)=C(@).

We say w € C"(8), where 0< a < 1, if w and its derivatives up to the mth
order are Holder-continuous in ® with exponent a (i.e., there exists a positive
constant M such that for z,, z,,€ 8, |w(z,)- wlz,)| < M|z, - z,|% and a simi-
lar inequality holds for the derivatives of w to order m).

The space C™ () is defined to contain those functions which are in 0:(@1)
for every bounded subdomain @, of @.

We also use the space B™(C), which consists of the functions which, along
with their derivatives to order m, are continuous and bounded in the whole com-
plex plane C. If the function and its derivatives are also Hélder-continuous in C
with exponent a, then we say the function is in B7(C).

2. Generating solutions. Douglis introduced the notion of a generating solu-
tion for the operator 9. For our purposes, we assume that @ and b are defined
in the whole plane C and make the following definition:

Definition 2.1. A hypercomplex function ¢ is a generating solution for D if

(i) ¢ has the form #(z)=z + 2;;} tk(z)e’c =z + T(z) (T(2) nilpotent),

(i) T e BY(0),

@iii) De=0in C.

Notice that if E is a nilpotent constant, then ¢ + E is also a generating solution.

Definition 2.2. Let f be a complex valued function in a domain @. The in-
tegral operator Iy is given formally by

@.1) (Ig/Ne)=- o1 f /(C)
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(with { =&+ in, z=x+iy). Inthe case that @ is the whole plane C, we write
IC =1
The following result is given by Vekua [3, pp. 56-641.

Theorem 2.3. Let [ be a complex valued function which is in BL(C) for some
a,0<a<1,andin L?(C) for some p,1< p<2. Then If € BL(C) and moreover

@2 @, +D ) = .

Using a procedure of Douglis, we can prove now the following existence the-
orem.

Theorem 2.4. If a and b are in BL(C) for some a, 0< a< 1, and in LP(C)
for some p, 1 < p< 2, then there exists a generating solution for 9.

Proof. Define ¢ by 2o(z)=z,and for k=1,-+2,7-1,
t, =-1aD_+ bey)tk_l].

We assume that the first and second order derivatives of ¢, _, are in B,(C) (true
of course for k= 1). Then the function (aD_+ bfi)y)tk_l satisfies the conditions
in Theorem 2.3. Thus t, € Bza(C). Furthermore the equation Dt = 0 can be writ-
ten componentwise as

(@x + iny)t 0=0,

(2.3) ‘
(fDx + z?y)t,c = -(afDx + bey)‘k-l’ k=1,000,7=1.

Thus ¢ is a generating solution.

Henceforth we will assume that @ and b satisfy the conditions of Theorem
2.4 so that the existence of a generating solution is assured.

Following are some inequalities concerning the generating solution which
will be used later. We denote generic constants by M( . ), where inside the paren-
thesis are listed whatever entities determine M.

(2.9) |2, ), |2,(2)] < Ma, b),

(2.5) |1/G + eb)] < M(b),

2.6 1 M(a, b) ’

20 lz(g)-z(z) Sgoa €49
t (2)

(2'7) 1 eb®) < M(a, b),

i+ebz) 1) - |-z

(2.8) l tle) 1 < Ma, b) (z£0).
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In each case above, M(a, b) arises from bounds on b and the derivatives of
t. For (2.5), the formula (1.14) is used. To obtain (2.6), again use (1.14) to ar-
rive at the inequality

| l._1 E |T({)—T(z)|).
|z(4)-z(z)|- ¢~ 2| ¢~z

k=0

The terms in the summation are bounded because the derivatives of T are
bounded. Inequalities (2.7) and (2.8) follow from the preceding ones and applica-
tions of (1.11).

3. The hypercomplex function theory of Douglis. In this section are stated
some results of Douglis [1], and a few immediate consequences, concerning solu-
tions of the equation Dw = 0. Such solutions, if they are continuously differen-
tiable, we will call hyperanalytic, for reasons which will become clear. The
next few theorems were proved by Douglis.

Definition 3.1. A domain @ is regular if it is bounded and its boundary I
consists of a finite number of simple closed curves with piecewise continuous
tangent.

Theorem 3.2 (Green’s identity). If @ is a regular domain,and w and v are
bypercomplex functions in C'(@), then

t
G.1) .g i +xeb

Definition 3.3. Let v be a hypercomplex function in a domain @. The in-

vy di(z).

tegral operator | ® is defined by

T td) o)
3.2) Ugo)a) = 5 ﬂ TTeh D 1D - X

When @ is the whole plane C, we write Jo =].

Theorem 3.4 (Cauchy integral representation). Let @ be a regular domain.
If we CY®) NAG), then for z €8,

1 w({) g
(3.3) wle) =5 [ — 7 i 1O + g o).

Note that if Dw = 0 in G, (3.3) becomes

w({)
(3.4) w(z) = 1= e TG )dzm
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Thus a hyperanalytic function is at least twice continuously differentiable, since
for z ¢ I' (3.4) may be differentiated under the integral sign as many times as ¢
is continuously differentiable.

Definition 3.5. Let f be an analytic function of z, and let E be nilpotent.
We define the hypercomplex function

r—-1
(3.5 flz+E)= Y klx Ekf(R)(2).
k=0

Theorem 3.6. Let | be analytic in a domain ®,. Let w, given by (1.3), be
in CYB) with the values of w, contained in 8,. Then in 8,

(3.6) df(w(z)) = f "(w(z))dw(z).

Thus if f is analytic in a domain @, and ¢ is a generating solution, the fol-
lowing formulas hold in @.

r-1

3.7 (o) = & L (TEH®X),
k=0

(3.8) D(f 0 1)2) = f'(t2))De(=) = 0.

The composition f© ¢ therefore is hyperanalytic. The relationship between ana-
lytic functions is given more completely in the next theorem.

Theorem 3.7. If w is byperanalytic in 8 and in C(8), where ® is a regular
domain, then w can be represented in G by

r=1 r=1 r-1
(3.9) w@)= ¥ 3 g THP e = T £, 0kDe
p=0 k=0 p=0

where each f, is analytic in 8.

Some consequences of the preceding theorems now follow.

Theorem 3.8. The zeros of a byperanalytic function are isolated, unless the
function is identically zero.

Proof. Let w be hyperanalytic in a neighborhood of a point z, with w(z,)
= 0. Since #(z)- T(z,) is also a generating solution, (3.9) yields, in a neighbor-
hood of z,

r=1 r-1
(3.10) we) =T T & Tz - Tz lP(2)e?
p=0 k=0
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and
r—-1
0= w(zo) =y /p(zo)el’.
»=0

If we assume w is not identically zero, then some f » is not identically zero, and
since each [, is analytic, some f, is nonzero in a deleted neighborhood of z,.
Let 7 be the smallest p such that / has this property. Then in (3.10) the co-
efficient of & is /«,(z), and therefore w(z) # 0 in some deleted neighborhood

of z.

Theorem 3.9. A byperanalytic function which is entire and bounded is a con-
Stant.

(To prove this theorem, one proceeds exactly as in proving the analogous the-
orem for analytic functions, using the Cauchy integral representation and bounds
on the function to show that the partial derivatives vanish. Thus, this proof will

not be repeated here.)
We conclude this section with brief remarks about the special hypercomplex

function exp (z + E) for which (3.5) gives

(3.11) exp(z + E) = (exp 2) Z Ek .
k=0

Because the coefficient of e® (1) in this expression is exp z, exp(z + E) is
never nilpotent. It is straightforward to check that the identity

(3.12) exp(z1 + El) exp(z2 + Ez) = exp(zl +z,+E + EZ)

is true. We use the expansion (3.11) and the fact that (E,V (E,)t =0 if j+ k2~

4. The operator 9. The operator P = fDx + szy + eafDx + eb@y will now be
defined in a Sobolev sense. In accordance with formula (3.1) we make the follow-
ing definition.

Definition 4.1. Let @ be a domain in the plane, and let w and v be hyper-
complex functions in LL(@). Then v =Dw in @ if for all hypercomplex func-
tions ¢ in CL(B)

t

(CL(8) is that class of functions in C!(8) with compact support in @).
Because of linearity, it is clear that it is equivalent to ask that (4.1) hold
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for all complex functions ¢ in Ci(@). Moreover, the following theorem is true.

Theorem 4.2. If w and v are in L} (®), then v = Dw if and only if for all
¢ in Clc(@)’

“4.2) JJ e @) + vpldxdy - 0
)

where the differential operator * is given by
4.3 -0, + i@y)t,b + el (ayp) + e$y(b¢).

Proof. If ¢, and ¢, are continuously differentiable hypercomplex functions,
then

D) = 0, D) + @9 W,
From Douglis [1, p. 270], we have fD*(tx/ (i + eb))= 0. Thus if we let ¢ =
t,#/(i + eb), we obtain
DY = £, D/ + eb)

and therefore (4.1) and (4.2) are equivalent.
We now need some results from Vekua [3] concerning the operators

9z 2\ox " ) 9z 2\09x 9
Vekua defined these operators in a Sobolev sense in the following manner.

Definition 4.4. Let f and g be complex functions in L1 (8). Then (i) g =
0//0z in @, or (ii) g = 9f/dz in @, if for all complex functions ¢ in CL(@),

@) J:f(/ gg +g¢) dxdy =0,
s\

(ii) ff(/%zs+g¢)dxdy - 0.
)

The following theorem is then obtained [3, p. 721.

Theorem 4.5. If f € L} (8),9//0z € LY () for some p,p> 1, then 9f/dz
exists and is in LY (®). Thus {_and f, exist and are in LY (@).

Theorem 4.6. Let w € Lllx(@), Dw = v, where v € Lﬁc(@) for some p, p> 1.
Then for each k, Wi x and w, y existin the Sobolev sense and are in Lﬂc(@).
Moreover, the following formulas bold:

20w/ 0% = v, Z&uk/ai'+awk_l’x+bw k=1,000,r=-1,

-1,y = U’
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Proof. Let { be a complex function in C L(@). By (4.2),
ff[w(t/lx +i, + ela) +e(by) )+ vyldxdy = 0.
(<)

Equating powers of e, we obtain the equations

.U[wo(‘/’x + itﬁy) +vYldxdy =0,
)
ff[wk(tﬁx + itﬁy) +w,_ (@), + (bgb)y +vYldxedy = 0,
(&)
k = 1,"”’— 1.

The first equation states 20w /0z= v, and by Vekua’s theorem wy ,and wy

exist and are in L} ().
Setting k = 1 in the second equation, and using @ € C1(8), we obtain

JJoo @, + ) —wy @ —wy b+ v gldxdy =o.
(]

Hence 20w,/dz = -aw, , - bw, y + vy Because the right-hand side above is in
LL(@), we can again apply Vekua’s theorem to show Wy . and w, , are in
LY (8). We continue in this manner for k= 2,.++,7~ L.

The next theorem is also from Vekua [3, p. 142].

Theorem 4.7. If 9{/dz € C,(®) for some a, 0< a <1, then { € CL(B) (af-
ter modification on a set of measure zero, of course).

Theorem 4.8. If Dw =0 in 8, then w is continuously differentiable in ®
(and therefore hyperanalytic).

Proof. By Theorem 4.6, if Dw = 0 then 0wy/0Z = 0. Thus w, € CL(@), for
any a, 0< a< 1. Furthermore, 20w ,/dZ = -aw, x —bw, . Since the right-hand
side is in C,(®), w, € CL(8). Continuing in this manner we can show w, €
C L(@), k=0,.+4,7-1, and thus w is continuously differentiable.

5. The operator J. In this section are discussed properties of the operator
]‘», associated with a domain @, given by

_1 t(0) W)
G-1 Ugw)e) = 2m {f i +eb(l) ¢¢) - t(z)d‘fdn.

For sufficiently smooth functions w in a domain @, Douglis proved the formula

f!)(]@ w) = w; we will find more general conditions for which the formula is true.
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Theorem 5.1. Let @ be any domain. If v € L1(8), then Jgv € L! (@), and
v= m(]@l’)y

Proof. Let @, be a bounded domain inside @, and denote the characteristic
function on 8, by Xy, Ve can establish the bound

(1 oo 5 752

i +eb({) ) -uz)

<M, )] ( f. f =l dxdy) Q)| dan

< Ma, b)M(@o) { f WO agdn <Ma, b, B))lv, @) .

0, dx dy) dédn

By Fubini’s theorem, the following integral is finite:

Q) w(Q)
If (g ¥ T 10 - ) =Y
= eriff(Iov)(z)dxdy.
%

Therefore Jyv € L} (®).
Next suppose ¢ € C1L(B). Apply (3.3)to ¢ to obtain

e[l
t (2) t£({) ©@4) ()
J-fz + eb(z) (Zm ffl 7 eb) 10) - 1) fdﬂ)dxd}'

()
"ﬂ £ + o60) Uy W) Dp)) dEdn.

vlg (D) dx dy

The interchange of orders of integration is justified by the bound

t(2) zg(C) D))
If <ﬂ @ ) T ) KD -1 dfd”)""d

<M, b) [[ 1o(2) ( f f '%‘4 ) dfdn)
)

supp

SM(&Z, b, ¢) |v, @‘ 1°

Corollary 5.2. If w e L! @), v € L1(8), and v= Dw in B, then w=> +
Jgv where @ is byperanalytzc in @,

Conversely, if ® is byperanalytic in @, v € L'(8), then ® + Jyv € L} _(8),
and D@ + Jgv)=v.
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Proof. If we Ll (@), v € L'(8),and v=Dw in @, then by the previous
theorem D(w - ]GV)= v-v=0. By Theorem 4.8, w - Jyv is hyperanalytic in 8.
The converse part of the corollary follows immediately from the previous theorem.

Theorem 5.3. Let @ be a bounded domain. If v € L?(8),2< p< o, then the
function w = Jgv satisfies
i) |w(z)| < M(a, b, p, ®)|v, @l » z€C,
(i) |wlz,) - w(z,)| < Mla, b, p)< v, 8,2, - = L1 /v, 2 127 € C.

Proof. Using

ﬂ T 1D =) %

we obtain the bound (where 1/p + 1/g=1)

o) st ) [ 740 bic) -
<Ma, B v, @|,,( { f1¢- ZI“'d«fdn) Y < Ma, b, 5, OV, B,

To show (ii) we use

_ t(z,) - t(z,) tg(é') ()
wlz)) - wlz,) = ——— ff i+ eb(0) (KD - Kz W) - 1z) L

Thus

lw(z,) - wlz,)| < Mla, b)|z, - z,| ff T l”:fg'_ = dédn
1

_ - 1/q
< M(a, b)lzl -22||u, @lp(_g‘lg-zd q|€-zzl qdfd?]) .
But it is known [2, p. 39), that for 1< ¢< 2,
JJ1¢=2,1791¢ - 2, =9 dédn < M)z, - z,|2-22,
)

Since 1+ (2-2¢Yq = (p = 2)/p, (ii) is proved.
Now, following Vekua, we introduce the space of functions L?*¥(C). We use

the notation C = unit disk in C.
Definition 5.4. w € L?Y(C) if w is defined in all of C and w, v €
L?(C,), where w™ is defined by the formula w(*)(z) = |z|~"w(1/z), z € C,.
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The nom of w in this space is given by
|w, Clp,v = |w, Colp +|w®, Co|p‘

Theorem 5.5. Let v € L?*?(C), 2< p< w. Then the function w= Jcv = Jv
satisfies
(@) |wlz)| < Mla, b, p)|v, C|, ,, z € C.
(i) |wlz,) - w(z,)| < Ma, b, p)lu, Cl, 2z -2 [(” 2Vp, z, z, € C.
(iii) For any R> 1, a constant M(a, b, p, R) exists such tbat, /or |z| 2 R,

lw(&)| < MGa, b, p, R)|», €|, ,|z|2-27,
(iv) Dw=D(v)=v in C.

Proof. We can write w(z) =u(z) + 2(z), where

z2) = 1 té-({) y(g)
(=) = ff T oD 1D - ) X

L /D) 41/0)
(z) = ff T b1/ {1/ - 1) |¢|‘

By Theorem 5.3, for z € C, Iw(z)l < Ma, b, p)lv, Colpe Also,

0] <, &) ([ e
~ cfofl ERITh

(5.2
dqu

Thus, if 1/p+1/g=1,
(53) |3)| < Ma, DD, €, U1, NVe

where
1) = [[ 1217901 - ¢a|~2agay,
Co
If |z| > %, then
L&) =lel=e 12179 |¢- 4|~ deen
Co
Using a known result for an integral of this type [3, p. 39], we obtain

1,G) < 2| =M (P)|1/z| -2,
(5.4)
1,(z) <M(P)(1/|2|)?~9 < M(P)22~9 = M(P).

If |z] <%, then |1 - 2{] > ¥, and 1,(2) < 2"ffco|(|'qd§d1]= M(P). Thus
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ll?l(z)l S M(a, b’ P) |U(2)’ COI b and (i) is ptoved.
For (ii), apply Theorem 5.3 to obtain, for z,2z, €C,

w(z,) - ¥(z,)| < Mla, b, p) |v, C0|p|zl _22'(0—2)/y.

Also,
w(z)) - i(z,)
t(z )-t(z ) J‘f tf(l/C) v(1/¢) 1 dédn
i+eb(1/0) (2|4 (1/¢) - t(z)) t(l/()-t(z )

and

A N (1/0)

|5z ) - lz,)] < Ma, Bz, -z, lv dtdn

e b !{m‘u/c-zlnl/c-zzl
< M(a, b) |z, = z,l,(z,» z,)

where

lo(1/8) 1
I(zl’ 2) If lglz Il—(zlnl"czz'dgdm

But Vekua has shown [3, pp. 44-45] that I, satisfies

1)z, 2,) SHEN D, €y 2, - z,|0=22,

Thus (ii) is proved.
To prove (iii), we note that for |z| > 1,

[¥2)| < M(a, b) f [ 1l l'z‘f)" dédn

s, » s J) Jf 1\ atan
< Mla, b, p)v, CO'p (1/(|z| - D).

Furthermore, with use of (5.3) and (5.4) we obtain, for |z| > 1,

|u7(z)| S M(a, bg P)Iv(z), COIP |z|(2’p)/ﬁ.

Hence for |z| > 1,

lulz)] < Ma, b, plv, €, ,l1z| 3272 4 1/(]2| - D)),
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But if R> 1, |z| > R, then
1/(|z] = 1) < K(R)|z|2-2/p

where K(R)=(R!=2/)/(R - 1). Thus (iii) follows.
The proof of (iv) is the same as that of the last part of Theorem 5.1.

Corollary 5.6. If w € L1 (C), v € LP%(C), 2< p< o, and v=Dw in C,
then w=® + Jv where ® is byperanalytic in C.

Proof. Dw - Jv)=v-v=0in C. Therefore w~ Jv is hyperanalytic in C.

6. Properties of solutions. It is now possible to discuss certain properties
of solutions of the equation

r=1 k
(6.1) @w-;-z ekZ(AklwI"'Bklt—al):o
k=0 1=0

where w is a hypercomplex function, and the A,, and B, are complex valued.
First we must prove a ‘‘product rule’’ and a ‘‘chain rule’’ for the operator D.

Theorem 6.1. Let w,v € LL(@), with Dw, Dv € LP(®), 2< p< oo Then
in 8y Dwo)=Dwl + w@Dv).

Proof. Since the product rule is easily verified if either w or v is in C1(8),
we assume it is true in these cases. Let @1 be a bounded subdomain, -@1 Cc@.
By Corollary 5.2, we have in 8,

w=0+]g l(wa), v=VY +]®l($v),

where ® and ¥ are hyperanalytic in @, and, by Theorem 5.3, ]ul(wa) and
]‘Ql(va) are in B,(C), a=(p - 2)/p. Therefore inside 8,,

Dwv) = (Tw) + ¥(Dw) + fi)[]0 I@W) -] Ql(va)]-

Thus it suffices to prove the product rule for the product ]GI(SDW) s l(ﬂ)v). Let
3 C:-(@l)’ ¥, € CZ(8,), with ¥,— Dw in L?(8,). Since Douglis showed
[1, p. 273] that ]‘31‘/'11 € C1(8,), we have

i+eb

gf e [¢(¢”1@1(®u) +Ug ll,bn)@v) + f[)qﬁ(]@ltﬁ" Jo l(va))]dxdy =0.
1

By Theorem 5.3, ]@1¢n - ]‘»1@’”) uniformly in C. Thus after taking limits, we
have the result

DU, @) - Jg, BN =Du- Jg (D) + ] g Du) - Do
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Theorem 6.2. Let w € Llloc(@), Dw € LP(B)y 2< p< o0,and w(z)= wy(2) +
N(z) where w is complex and N nilpotent. Let the values of w, lie inside a
bounded domain 8., and let [ be a complex function which is analytic in some do-

main containing 8,. Then in 8, Df(w(z)) = f'(w(2)) Dw)(z).

Proof. Recall that f(w(z)) is given by

fluAz)) = Z .(N(z))k/(")(w (=)

Let ¢ €C1(8), and let 8, be a bounded subdomain of @ containing the support
of ¢. Then inside 6, w=+ ]Gl(mw) where @ is hyperanalytic in @,. Let
¥ ecl@®), ‘I’n—owa in L’(@l). By Theorem 5.3, the sequence w,=® + ]01‘1’”
converges uniformly in @, to w. Writing w, = (w,), + N, where N, is nilpotent,
we have

19w, ) (N = [ B (o),
(N ()% — (V)

uniformly in @,. Therefore,

ff %) {@(2))Dp)z) dx dy

b(z)
H 1) fw () Dp)z)dx dy
+eblz)” "
. t =),
- e 0 Y

 tim [ =5 o [, oY D)tV dedy

n @ll+

- J i AN DX
1}

The next result was proved by Vekua [3, p. 154].

Theorem 6.3. Let A, B and w be complex functions in C with A, B €
L?2(C), 2< p< w. If w is continuous and bounded on the whole plane C,and
satisfies Ow/0Z + Aw + B = 0 then w has the form w(z) = C exp w(z) where
C is a complex constant, and @ is a complex function continuous and bounded
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on the whole plane. (Thus w is bounded away from zero provided it is not identi-
cally zero.)

Following is an analogous result for solutions of (6.1).

Theorem 6.4. Let w be continuous and bounded and satisfy (6.1) in the
whole plane, where each A, ), B,, € L?*?(C), 2<p<w. Then w has the form

(6.2) w(z) = C exp w(z)

where C is a hypercomplex constant, and @ is a hypercomplex function in B ,(C),
a=(p=2)p. Moreover, near infinity, w(z)= 0(|z|~%).

Proof. If w is identically zero, we can set C=0, w= 0. In general, let p
be the smallest value of & such that w, is not identically zero. Since w is con-
tinuous and bounded, (6.1) shows that Dw € LP*2(C)C L?(C). We can use Theo-
rem 4.6 and set the coefficient of e? in (6.1) equal to zero to obtain

0w, /0% + idw,/dy +A, w, +B, @ =0.

By the preceding theorem, w » is bounded away from zero, and therefore the func-

r=1 & -1
> we —-?
k=p

is bounded and continuous (see (1.14)). Define v to be the function

tion

k=p

r-1 -1 r=-1 k
k— - —
v=<z Wit p) 2 P T Ay v Byd).
k=p 1=0

Then v € L?2(C), and

r-1 r—1 k
w=e?|Y wet?).v=3Y & ¥ (4, w,+B,7)=-Du.
k=p k=p 1=0

Now define @ = - Jv, ® = w expl-w)= w exp(Jv). By Theorems 6.1, 6.2, Db =
exp (Jv) lwv + Dwl=0, and ® is hyperanalytic. The stated properties of @ are
a result of Theorem 5.5.

Finally, since ® is bounded, exp(-w) is also bounded. By Theorem 3.9, ®
is constant.

Corollary 6.5. If w satisfies the conditions of Theorem 6.4, and w(zy)=0 for
some z in C, then w is identically zero.
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Proof. Since exp (z + E) is never nilpotent for any hypercomplex number z +
E, w(z,)= 0 implies C = 0 in the representation (6.2).

It is now convenient to introduce an operator Q, given in terms of the opera-
tor | and the coefficients in (6.1).

Definition 6.6. The operator Q is given by

k=0 1=0

-1 k
Qu =][Z X Ayw +Bya))-

Theorem 6.7. If each A, B, is in L?*2(C), 2< p < o0, then Q is compact
in the space B(C) and maps this space into B,(C), a = (p - 2)/p. Moreover, near
infinity, |Qw(z)| = 0(|z]~ ).

Proof. If w € B(C), then the function

r—-1 k
k -—
v=) e Z(Akf"l+8k1wl)
k=0 1=0

is in L?*2(C). By Theorem 5.5, Qw = Jv is in B,(C). Furthermore, properties
(i), (ii), and (iii) of Theorem 5.5 yield
(i) |Quw(2)| < M(as by by Ayps By lws Clogs

(i) |Qu(z,)- Qulz,)| < Mla, b, ps Ay By lw, Cl, |z, = z,|%

(iii) for |z| > 2, |w(z)| < Ma, b, ps A By)) |w, Cl, |z| = ¢

(The dependence of M onthe A, and B, arises of course from bounds on
the L?'2(C) norms of these functions.) Thus a family in B(C) which is uniformly
bounded is mapped onto a family in B,(C) which is uniformly bounded and equi-
continuous, and uniformly O(|z|~%) at infinity. Hence by Arzela’s theorem, Q is
compact in the space B(C).

Theorem 6.8. If each A, B, is in L?%(C),2< p< o0, and v is in B(C),
then the equation w + Qw = v has a unique solution in B(C).

Proof. Since Q is compact in B(C), it is sufficient to show the homogeneous
equation w + Qw = 0 has only the zero solution. But if w=—Quw,then w is in
B(C) and vanishes at infinity. Furthermore, differentiation shows that w satis-
fies (6.1). Hence w has the :epresentation (6.2), and since w vanishes at in-
finity, C=0 and w= 0.

We can now give an analogue to the ‘‘generating pairs’’ developed by Bers
21

Suppose w is continuous and bounded in C and satisfies (6.1), with A,
B, € L?*2(C), 2< p< w. By Corollary 5.6, w + Qu = ® where ® is
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hyperanalytic in C. But w, Qw € B(C), and thus ® is a constant. Therefore
6.3) w+Qw=c=C +iC

where ¢ and & are real hypercomplex numbers (i.e., each coefficient of e® is
real). Let w be the unique solution in B(C) of @ + Q% =1, and let & be the
unique solution in B(C) of &% + Qi =i. Then w, the unique solution in B(C) to
(6.3), is clearly w=cw + Civ. Therefore any solution of (6.1) for the same func-
tions A,,, B, is of this form. The solutions W and @ are called the gener-
ating pair associated with the coefficients A, ), B, and the equation (6.1).

7. Further properties of solutions. We now direct our attention to the equa-
tion
(7.1) Pw+Aw +Bo =0

where w, A, and B are hypercomplex functions. For this special case of (6.1),
we can obtain integral representations for solutions w in a regular domain 8. The

next lemma and theorem establish a Green’s identity for solutions of (7.1).

Lemma 7.1. Let @ be a regular domain, with u € C(8), Du € LP(B) where
2< p< . Then

t (2)
J;_ u(z)di(z) = - gfz =5 Du)z) dx dy.

Proof. Let {{ } be a sequence in CL(8) such that ¥, — Du in LP(®). By
Theorem 5.3, Jg¥, — ]0(914) pointwise uniformly in the whole plane C. In Theo-
rem 3.2, we set w = ]gl,bn, v = 1, to obtain

t (z)

JUgv X2 dta) = - J [ s v dedy

Letting » — oo, we have

t (2)
fl‘ J g(fDu)(z) di(z) = - ! f o0 (Pu)(z) dx dy.

By Corollary 5.2, in @, ]@(fDu) = u—-®, where ® is hyperanalytic in 8. Further-
more, ]@(fDu), u € C(8), and thus ® € C(®). We may use Theorem 3.2 with
w=®,v=1, to conclude

j; ®(2) de(z) = 0,

and the theorem is proved.
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Definition 7.2. For fixed A and B, we define the operator
(7.2) Cw=Dw +Aw + Bw

and an associated operator

(7.3) Cv =Dv - A + B*5
where B* is defined by

7.4) B* = i+eb C =

Bo
t

x i+eb

Theorem 7.3. Let @ be a regular domain, and A, B € L?(8), with 2< p< co,
If w, v € C(8), and satisfy,in 8, Cw = 0,Cv = 0, then the integral [Lulz)(2)dl(z) is
a real bypercomplex number.

Proof. Since w, v € C(®),
Pw=-Aw-Biw eL¥(8), Dy =Ay-B*5eL(3).

(We remark that the quantity (i + eb)/¢,)(t/ (i + eb)) is bounded in the whole com=
plex plane, as can be seen by (1.13).) By Lemma 7.1 and Theorem 6.1,

fl‘ w(z)w(z)di(z) = -ff b Dwv) dx dy
&)

i+eb
= -II —t’-‘-- (wDv + vDw)dx dy
5 i+eb

t
=ff ,t" By +—2— Buwv)dxdy
W\ ==

+ e

which is a real hypercomplex number.

Following Vekua’s techniques, we now introduce some special solutions of
(7.1,

Theorem 7.4. Let A and B be bypercomplex functions in L?*%(C), where

2< p< oo, Then there exist hypercomplex functions of two complex variables,
XNz, &) and XNz, L), with the properties
(1) In C-1{L}s for j=1, 2,

D XXz, ) + ADXIz, &) + B(2)X9Xz, ¢) = 0.

(Here sz denotes our usual differential operator I where differentiation is with
respect to the variable z rather than {.)

X - (2)5) - w(Z)(C)]
X, ¢y 2 explofA=) - 0UX] g _exploXz
@ Xz €) 2(d4) - «2) o XM= 0 2442) - £2))
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where for j=1, 2, 09 € B,(C), a= (p-2Vp, and 0)(z) = 0(|z|=%) as |z| —roce.

Proof. Since the proof for X{!) and X2 are nearly identical, we give the
proof only for XM, (2) we temporarily fix a point { in C, and define a function
B by

B(2) = B(z) £2 =40
«z) -~ {¢)

We have B e L?*2(C), since

|B(2)| < |B(2)] - |4) - £O)]

o1
lt(z)—t(g)
M(a, b)
|z -¢|

<|B(2)]| « M(a, b) -+ |z~ (]| < M(a, b) - |B(2)].

Now consider the functional equation

7.5) w(z) + (Qulz) -(Qw)({) =1, =ze€C,
where Q is the operator defined by Qw = J(Aw + B%). By Theorem 6.7, Q is
compact in the space B(C). If we define an operator P by

(Puw)(2) = (QuwX2) - (Qw)({), =z€C,

then (7.5) may be written as

(7.6) wz) + (Pu)z)=1, =zeC.

Moreover, since Q maps a bounded sequence in B(C) onto a sequence in B(C)
with a convergent subsequence, P has the same property. Thus P is compact

in B(C). Therefore, in order to show (7.5) has a solution in B(C), it is sufficient
to show the homogeneous equation has only the zero solution. Suppose then that
v € B(C) and satisfies

7.7) u2) + (Qu)(2) - (Qu)(¢) =0, zeC.

Differentiating this equation, we obtain
Dv+ Av+ Bo=0,

Since v({) = 0, by Corollary 6.5, v = 0.
Thus we may let w be the unique solution in B(C) to (7.5). Differentiating
(7.5), we obtain

(2) In the case of X(?) we replace the 1 on the right-hand sides of (7.5) and (7.6) by —i.
This serves to define the functions wz(z, D= —iexp [coz(z) - (02( D], and Xz(z, D=
Yooy (z, DD = o)1
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Dw+ Au + Bz = 0.

According to Theorem (6.4), w has the form w(z) = C exp w(z), where C is a
hypercomplex constant, @ € B,(C), a= (p - 2/p, and 0(z) = 0(|z|~%) as |z| — o
But since w({) = 1, we conclude C = exp [-co({)], and

u(2) = exp [0(2) - 0({)] = wlz, {).
We now set

XXz, ) = ul z, {) _exp [w(2) = &({)] )
A48) - K2) 2dL) - (=)

Then, for z € C-1{{},

P x el D e
K O = = )

Oy A ) - Blautz, O)

= _A(z)x(l)(z, 4) - B(Z)x(l)(29 4)-

We now define fundamental kernels associated with fixed A, B in L?+2(C)
and the equation (7.1).

Definition 7.5. The fundamental kemels Q1) and Q(?), associated with A
and B in L?*2(C), are
(7.8) Q(l)(z, C) = x(l)(z, 4) + iX(Z)(29 4)9

(7.9) Q@) &) = XMz, &) - XAz, ),

where X1 and X(?) are the functions described in Theorem 7.4.

Theorem 7.6. The /undamenta'l kemels Q1) and Q?) sarisfy:
(1) For each ¢ in C,in C-1{{}

(7.10) D ANz, {) + ARz, &) + B(2Q3 )z, {) =0,
(7.11) @zﬂ(”(z, &) + ARQ% Nz, &) + B(2)Q1 )Xz, &) = 0.

(2) For fixed {yand j=1,2,
|69z, )] =0 (|2]~Y) as |z] — oo,

(3) As |z=¢|—0,

(7.12) Q)(z, &) - = 0(|z-¢|"¥?),

1
() - «2)
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(7.13) 102Xz, &) = O(|z - ¢|~¥/?),

Proof. Property (1) is readily verified from (1) of Theorem 7.4. Property (2)
follows from the relations

QG ¢) - 20N - 0T + exploNa) - @A)
’ 24L) - z) ’

02Xz, ¢) = SXB [01z2) - 01X - explo®X2) - 02AY)]
’ 2«¢) - £2) ’

because each @) is bounded in C, and by (2.6).

To show (3), first we remark that from (3.11) it is easily seen that the hyper-
complex function exp (z + E) is uniformly Lipschitz continuous wherever z + E
remains bounded. Since each w{7) is bounded, there is a positive constant K
such that

(1) _ 1
¢ m ) #¢) - 2)
= |eXP loz) - w(l)(g’)] - exp{O] + exp [0?Xz2) - 0(2)(4')] - exp [O]I
2d4) - «2)) I
< (KoMa) - 0D + Ko@) - 02X D),
2| - 4|

Because each 0 € B,(C), a=(p - 2)/p, we obtain the desired result for Q1)
To obtain the result for Q?), we apply the same analysis to the equation

Q2Xz, ¢)
_exp lo™A(2) = 01 A)] - expl0] + exp[0] - explw?A2) - 0?A)] .
2(t¢) - «2))

The next three theorems develop an integral formula for solutions of (7.1).
The proofs are variations on those of Vekua for the case when (7.1) is a complex
equation.

Theorem 7.7. Let @ be a regular domain, and let A and B be in L?*2(C)
where 2< p< . Furthermore let w be in C(8) and satisfy in 8

Cw=Dw+Aw+ Bw=0.

3 gng G ; ;
If Q) and Q'°’ are the fundamental kernels for the associated equation

~
Cv:@U—AU-#B*E:O,

then



24 R. P. GILBERT AND GERALD HILE

- 5o J DXL, D) @) - AN, k) dne)

uw(z), if ze@,
B 0, if z¢ 8.

X %(2) . . ~
Proof. Let X'*’ and X'°’ be the corresponding solutions of Cv = 0 as de-
scribed in Theorem 7.4. Using Theorem 7.3, we obtain the formulas, for j= 1, 2,

—~ 7
JoXO, 20l add) - XN, 2Yuld) k2,

, fia. X0, 23uk) ak) - KNG, k) dhQ), i z €,
if z¢ @.

where ¢ is a sufficiently small positive number. We multiply by i the equation
for j = 2 and add to the equation for j= 1 to obtain

~~ N
Jo a0, D) arg) - 2PXE, i) add)

f, 1o 90)(4, Q) dAL) - DTN, A, it z€ 6,

“lo, if z¢ .

Using (7.12), (7.13) we obtain for z in G,

) 0y
lim fl£—z|=eﬂ (¢, 2uAL) dhL) - QXL 2uAkl) ddL)

= lim W(C)
0 |§—z|=€t(z) )

But Douglis showed [1, pp. 271-272], using the continuity of w, that the latter
limit is = 27i w(z). Thus the theorem is proved.

dd¢).

Theorem 7.8. Let A, B € L?*%(C), where 2< p< . Let Q(1), 0(2)’_15
fundamental kernels for the equation Cw =Dw+ Aw + B = 0 and Q1,02
fundamental kernels for the equation Co=Dv-Av+B*5=0. T ben, for z # ¢,

~ —_—
Q) (z, &) =-Q1XL, 2), Q@2 &)= -3, 2).
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Proof. Let z, { be fixed, z # {, and let € be small enough that 0 < €<
|z - {| < 1/e. Then by the previous theorem, for j=1, 2,

XUXz, ¢) = - 5(1)(& 2XU)s, £) dds)

A
2mi I's— §|=l/¢

- 6@, 2xUs, Qars) + 5L [, lo—t]uc AN s, XX, £)ds)

=1

- ﬁ(z)(s, 2)XY)s, &) adds).
Using Theorem 7.6 and the relations (7.8), (7.9), we obtain the estimates

1QYXs, 2)|, |XY)(s, &)= 0(s|~1) as |s| — oo,

x(Xs, -1 |_ _#1-2/py =
| o O = —woy| = Us= 417" as ls-Li -,

XX, ¢) - O(|s - ¢|=%/?) as |s-¢| —o.

1|
20 - ) |

Letting € — 0, we therefore obtain

XUz, ¢) = lim =L~ 1, 2) _ 42X, 2)
(2 ¢)=lim o0 [f e~ WO= 1) “ - ‘)

XXz, ¢) = lim =1 6(1)(5, z) _ 5(2)(& z)
(z &)= lim 2 [fls—che TR Rt rramr e Kl §

As in the proof of the previous theorem, we remark that Douglis has shown f1,
pp- 271-272] that the above limits are

XNz, ¢) = 4—1177 [- 20 A, 2) J,ZM]
-1 [50)(4, D m]

@)z, ¢) = -g; [- 2mi Q¢ 2) - m:l
L [?i(l)(g, - m]

The relations (7.8), (7.9) complete the proof.
The next result is merely stated. It is an immediate consequence of the pre-
ceding two theorems.
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Theorem 7.9. Let 8 be a regular domain, and let A and B be in L?**(C)
where 2< p< 0. Furthermore, let w be in C(8) and satisfy in 8

=Dw+ Aw+ Bz = 0.
Then

SL [0, Dl dh) - 9P, (k) dXD)

%w(z), if z€ @,

0, if z¢ 8.
Theorem 7.10. Let @ be a regular domain, and let Y be a function which is

(7.14)

byperanalytic outside @, continuous up to the boundary T, and vanishes at in-
[inity. Then

1w 0, if z€8,
(7.15) 20 Jr (&) - 1(z) a4)- { W), if z¢ @

Proof. For given z in C, choose R positive such that R > 2|z| and @ C
{¢:|¢] < R}. Then applying Theorems 3.2 and 3.4 we have

i 8
'/I( ) Y({) ae) - 0, if z€9,
i f |4=R ) = 1(z) ad) - fl‘ Q) - oz « Ylz), ifz£8

(We have used an elementary consequence of Theorem 3.2, given in Douglis [1,
p- 276], stating that if ® is hyperanalytic in a regular domain and continuous up
to the boundary T, then [[#()&()=0.) Now, setting { = Re'® on |¢] = R, and
using |{ - z| > R/2,

L WO _ )| <Mt o (R Re'%)|

7 Jior 7= 4| € o eoa °%
M(a b)
<X )| - Gm).
5 lzslufa [¥(O)

Since sup|z|_g [¢()] — 0 as R — oo, the theorem is proved.

Theorem 7.11. Let @ be a regular domain, and let Y be a function which is
" hyperanalytic outside ©, continuous up to the boundary T, and vanishes at in-
finity. Let A and B be in L?2*(C) where 2< p < oo, and outside 8, A= B =0.
Then if Q) and Q?) are the fundamental kemels for A and B,

s [ 00, WO ) - AP, D) i)
(7.16) 0,  if z€8,
B -Ulz), if z¢ 8.
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Proof. For given z in C, choose R as in the proof of the previous theorem.
Since A = B =0 outside @, ¢ satisfies (7.1) outside 8. Thus we can apply
Theorem 7.9 to the domain {£: |{] < R} - @ to obtain

2 J 111 20 WO Q) - 0P, OHEIAHD)
- ok [ 12, YOG -2 Dhe, OO

_ { 0, ifze§,
Ylz), if z£ 8.
Using the same estimates as in the proof of the previous theorem, along with the
estimates, for j =1, 2,

IQ(j)(z, Ol =0(¢|™Y) as || — o,
we can show that the integral on |{] = R approaches zero as R — o.

Theorem 7.12. Let @ be a regular domain, and let A and B be in L?:2(C),
where 2< p < %, and outside @. Suppose A=B=0. Let QM and Q?) pe the
fundamental kernels for A and B. If w is in C(®) aud satisfies in @

Cw=Pw+Aw +Bw=0

then w bhas the representation, for z in @,

7.17) w(z) = 2—;-]}, Q(l)(z’ g)qs(é)dt(C) - Q(Z)(z’ é)‘p(é)a't(é)

K@, 8)

where ® is the function, byperanalytic in @ and continuous in 8, given in @ by the formula

7.18 0e) = b [ ) 0.

¢) - t(z)
Proof. Since Dw =-Aw - Bw € L?(@), we can use Corollary 5.2 to conclude
that in @

w=04+]y(-Aw - Bw)

7.1 —
(7.19) =®+ J(-Aw - Bw) (since A =B =0 outside &)

where @ is hyperanalytic in 8. By Theorem 5.5, the function J(Aw - Bw) is
continuous in C and vanishes at infinity. Moreover, because A = B = 0 outside
@, JAw- B%) is hyperanalytic outside @. Since w is in C(8), ® must also be
in C(@), and thus we can substitute (7.19) for w in formula (7.14) of Theorem 7.9,
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and use Theorem 7.11 applied to J(~Aw — Biv), to obtain (7.17). To obtain (7.18),
we substitute ® = w + J(Aw + Bw) into the representation (3.4) for @, and apply
Theorem 7.10 to the function J(Aw + Bw).

Theorem 7.13. Under the same bypotbesis as in Theorem 7.12, for z in @
the following representation holds,

(7.20)  wle) = ¥ + [TV, HW)agdn o ([T, O et dn
° [}
where ® is as in Theorem 7.12, and

%, §) = -5 [i = © 55 A 0 -—£5)_ 5Tk, o]

i+ eb(C)
: t£({) t£({)
'z, ¢) = 21ln' ,:l s APz, &) -————b(-Z-) B()Q Mz, 0] .

Proof. For z in @ and € a sufficiently small positive number, we can apply
Lemma 7.1 to the domain @, =@ -1{{: |{ - z| < &, and use the previous theorem

to obtain
wle) - L flc 2DV, DU -2z, OB

t(0)
(7.21) --5L f [——— f 25 X000, Ot

1.0
ok f [==— £ Q) 9,09, {)atdn.
Ge i +eb({)

With the relations (7.12), (7.13) and the analysis used in the proof of Theorem
7.7 we can show that as € — O the left side of (7.21) becomes w(z)- ®(z). Fur-
thermore, from Theorem 7.8 and the relations (7.10), (7.11) we obtain the formulas

D1z, £) = ANz, &) - B840z, £,

DAz, {) = A2z, ) - BHOA MKz, £).

Substituting these expressions into the right side of (7.21), and using (7.4), we

obtain the desired result.
We close this section with the remark that the representations (7.17) and

(7.20) give a method of obtaining approximating families of solutions to (7.1). It
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is immediate from Theorem 7.6 that, for any function ® hyperanalytic in @ and
continuous in , the representations (7.17) and (7.20) give a solution in @ to
(7.1). Thus, by approximating a hyperanalytic function ® by a sequence of hyper-
analytic functions @, , we can approximate the solution K@, @) (see (7.17)) by
the sequence of solutions K((Dn, @). Furthermore, it is possible to obtain approx-
imating families of hyperanalytic functions from approximating families of analy-
tic functions through the representation (3.9).
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